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Abstract 

We introduce in this paper a new approach to the problem of the 
convergence to equihbrium for kinetic equations. The idea of the ap- 
proach is to prove a 'weak' coercive estimate, which imphes exponential 
or polynomial convergence rate. Our method works very well not only 
for hypocoercive systems in which the coercive parts are degenerate 
but also for the linearized Boltzmann equation. 
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1 Introduction 

In [7] and [8], L. Desvillettes and C. Villani started the program about 
the trend to equilibrium for kinetic equations. Up to now, there are three 
classes of techniques to study the convergence to equilibrium. The first 
class of technique is the Lyapunov functional technique, which works for 
nonlinear equations. These techniques are developed in [5], [7], [8], [9], 
[12] . The second class of techniques is the pseudodifferential calculus, which 
works for linear hypoelliptic equations, developed in [19], [TT], [H], [20], [28] . 
The third class of techniques is developed by Yan Guo in [16], which is in 
some sense an intermediate method between the two previous ones, which 
works for nonlinear kinetic equations in a close-to-equilibrium regime or the 
linearized versions of nonlinear kinetic equations. For a full discussion on 
this, we refer to the note [29] . 



Using the techniques developed in [7], [8], L. Desvillettes and F. Salvarani 
have investigated the speed of relaxation to equihbrium in the case of Hnear 
collisional models where the colhsion frequency is not uniformly bounded 
away from 0. The two models that they considered are the non-homogeneous 
transport equation and the Goldstein- Taylor model 

^ + v.Vf = a{x){f-f), (1.1) 

and 

1 ^ + P.=^i^)iv-u), ^^^^ 

I lf-ii = ^(^)(^-^)- 

They prove that when a is greater than a positive polynomial and a belongs 
to H^, one can get polynomial decays of the solutions toward the equilibrium 
points. However, the techniques used in the paper could not be extended to 
consider the case where the cross section o" is on a set of strictly positive 
measure. A conjecture in this paper is to find explicit decay rates for these 
systems in wider classes of o". In the same spirit of [10] . K. Aoki and F. Golse 
[3] have studied the case of a collisionless gas enclosed in a vessel, where the 
surface is kept at a constant temperature, and they have investigated the 
convergence to equilibrium for such a system. 

We introduce a new approach to the problem of convergence toward equilib- 
rium in the kinetic theory and resolve the conjecture by L. Desvillettes and 
F. Salvarani in [10] for Goldstein- Taylor and related models. We can relax 
the regularity property of a as well as the condition that a is greater than a 
positive polynomial and prove that the decay is exponential (see Theorems 
12. H 12. 2p . The main idea of our techniques is similar to the work of Haraux 
[I7j : in order to prove an exponential decay for the solution of the equation 



^+A{f) = -)C{f),te 
/(O) = fo, 



(1.3) 



(1.4) 



we can study the following homogeneous equation with the same initial 
condition 

I 5(0) = fo, 

and prove that the following observability inequality holds 

r<ICig),g>dt >C\\fof. (1.5) 

^0 



2 



A natural way of proving the exponential decay for the solutions of ()1.3p is 
to prove that K. is coercive 

<lC{g),g>> C\\g\\\ 

however this is not always true, especially in the case of Goldstein- Taylor 
and related models. The task of proving of the observability inequality (II. 5p 
turns out to be much easier than proving an exponential decay for solutions 
of (II. Sp since the solutions of (]1.4p are explicit. Inequality (jl.Sp could be 
considered as a 'weak' coercive inequality. The details of this technique will 
be explained in section 3 (see Lemmas 13. !( 13. 2( 13.31 13.41 and l3.5p . 
Consider the dissipative inequality for (jl.ip 

dt\\f\\l2 = - I a{x)\f-f\^dxdv, 

we can see that the damping Jjdy.^d (^{x)\f — f\'^dxdv is too strong to lead 
to a polynomial decay. A reasonable question is if we can get a polynomial 
decay with a weaker damping. We give an example where the damping is 
quite weak 

dt\\f\\h = - [ \{l-A,)-^/^aix)if-f)\^dxdv, 

where e is a positive constant. Since the order of the pseudo-differential 
operator (1 — A^^)"^/^ is — e, it leads to a polynomial decay and this is the 
result of Theorem 12.31 

Another question is that: our method works well for kinetic models of col- 
lisionless particles, could it be applied to more sophisticated models? The 
answer is yes. We also succeed to apply our technique to study the conver- 
gence toward equilibrium for the linearized Boltzmann equation (see The- 
orem [23]). In the context of the linearized Boltzmann equation, the main 
tool to prove the exponential and polynomial convergence toward the equi- 
librium is based on the spectral gap estimate for the hard potential case 
and the coercivity estimate for the soft potential case. Using this technique, 
C. Mouhot has proved exponential decays in the case of hard potential (see 
[4], [22], [23], [24]). For the soft potential case, R. Strain and Y. Guo have 
proved results about the almost exponential decay (which means that the 
convergence is faster than any polynomial convergence) in [25] , or some 
exponential decay of the type exp(— t^) , (p < 1) in [26j. However, obtaining 
spectral gap and coercivity estimates is sometimes very hard. Using our 
tools, we can prove an exponential decay for the hard potential case and an 
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almost exponential decay for the soft potential case. Since we do not need 
the coercivity of the collision operator, we do not really need assumptions on 
the collision kernel B(\v — f^,|,cos0) including the smoothness, convexity,... 
The linearized Boltzmann collision operator is usually split into two parts 



where fiv)/ is the dominant part. If K is good enough, the spectrum of L 
is included in the spectrum of ), which leads to the coercivity of L. Our 
idea is to consider the 'weak' coercivity of L for only a small class of func- 
tions: the solutions of ()1.4p . For a solution g of (jl.4p . the integral Jq L{g)dt 
is equivalent to Tu{v)g — C{T)Kg in some sense, where C(T) << T. This 
means that C{T)Kg is absorbed by Tv[v)g when T is large and we still have 
the 'weak' coercivity of L without assuming more conditions on K. The only 
assumption we need is that the usual dominant part in the linearized Boltz- 
mann collision kernel remains dominant with our very general conditions 
(see assumptions (I2.17p . (I2.18P ). These assumptions is the least property 
that we could expect from the linearized Boltzmann collision operator and 
they cover both cases: with and without Grad cut-off assumptions. Similar 
as in the case of the Goldstein- Taylor and related models, our proof remains 
true if the collision kernel B{\v — v*|,cos0) depends on the space variable, 
which means that the effect of the collision of particles depends also on the 
position where they collide; however, we have not found any real model for 
this. 

The plan of the paper is the following: the main results of the paper is stated 
in Section 2 and the main tool of the proofs is studied in Section 3. Sections 
3, 4, 5, 6 are devoted to the proofs of Theorems 12. H ^2?2\ 12.31 and 12.41 

2 Preliminaries and Statements of the Main Re- 



2.1 Stabilization of the Goldstein- Taylor equation and re- 
lated models 

We consider the Goldstein- Taylor model 



y{v)f - Kf, 



suits 




(2.1) 
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where u := u{t,x), v := v{t,x), x £ T = M/Z, t > 0, with the initial 
condition 

u{0, x) = uo{x), v{0,x) = vo{x). (2-2) 
Suppose that a G L^(T). Define the asymptotic profile of the system ()2.ip : 



(■Uoo,Voo) = Qy (^^0 + ^^o)c^2;, ^ y (uo + wojdx^ , (2.3) 
and the energy is then 

H^{t) = f[{u- u^f + {v- v^f]dx. (2.4) 

We also consider the following non-homogeneous (in space) transport equa- 
tion 

^ + v.Vf = a{x){f-f), (2.5) 

where / := f{t,x,v) is the density of particles at time t, position x and 
velocity v. The notation / is fy f{t,x,v), where F is a bounded set of M.'^ 
of measure 1. The solutions are considered of periodic 1 or on T"^ = /l/. 
We give an example where the damping is week enough to give a polynomial 
decay 

^ + v.Vf = a{x){l - A,.)-^c7(a;)(/ - /), (2.6) 
where e is a positive constant. The initial data is 

f{Q,x,v) = Ux,v). (2.7) 

Define the energy of (12. 6p 



where 



Ef{t) = / / \f-fooVdvdx, {2.i 



foo= / Mx,v)dxdv. (2.9) 

Jj'i Jv 



Our main results are 



Theorem 2.1 When cj > 0, a G L'^{T'^), a ^ 0, fo G L^{T'^ x M"'), the 
solution of the equation (12. ip decays exponentially in time towards the equi- 
librium state of the equation. 
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Theorem 2.2 When a > 0, a e H'^{T'^), cr / 0, /o G L'^(T'^ x M'') n 
L°°{T'^ X M'^), the solution of the equation ()2.5p decays exponentially in time 
towards the equilibrium state of the equation. 



Remark 2.1 Compare to the results in \10^ . our results not only improve 
the type of convergence from polynomial to exponential, hut also relax the 
regularity on the initial condition and the cross section. Moreover, we do 
not need the condition that the cross section a is greater than a positive 
polynomial. 

Theorem 2.3 When cr > 0, o" E C°°(T'^), a / 0, /o G C°°(T'^ x W^), 
the solution of the equation (|2.6p decays polymonially in the following sense 
VM > 0, there exist positive constants C{M) and k > M such that 

Hfit) < C{M){t + l)-^'||/o - foofn^. (2.10) 

Remark 2.2 The existence of a solution of this equation can he proved hy a 
Picard iteration technique; however, we do not go into details of this classical 
proof. 

Remark 2.3 Since the order of the pseudo-differential operator (1— A^;)"^/^ 
is —e in ()2.6p . which means that the damping is quite weak, we get a polyno- 
mial decay. According to our theorem the order of the convergence is —oo, 
or we can get an almost exponential decay with this damping. 

2.2 Stabilization of the linearized Boltzmann equation 

The Boltzmann equation describes the behavior of a dilute gas when the 
interactions are binary (see [5], [13], [27]) 

dtF + v.V^F = Q{F,F),t> 0,xeT'^,ve R'^. (2.11) 

In (j2.1ip . Q is the quadratic Boltzmann collision operator, defined by 

Q{F,F)= [ [ {F'Fi- FF^)B{\v -v^\, cos 9)dadv^, 

where F = F{t,x,v), F^: = F{t,x,v^:), Fl{t,x,v'^), F' = F{t,x,v') in which 

, V + V^ \V-V^\ , V + V^ \V-V^\ ^ ^N~l 

V = — 1 0";^* = — cr, a G s> . 
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This is the so called "cr-representation" of the Boltzmann collision operator. 
Up to a Jacobian factor 2^~^ sin^~^(0/2), where cos6 = {v'^^ — — 
— f p, one can also define the alternative "^-representation", 

QiF,F) = I I {F'Fi - FF^)B{v - v^,u)dv^du, 

with 

v' = V + ((v* — v).u)lo, = V* — ((v* — v).u;)uj, cu G E>'^~^, 

and 



The equilibrium distribution is given by the Maxwellian distribution 

M{p,u,T){v) = -^exp , (2.12) 



(27rr)- 



2T 



where p, u, T are the density, mean velocity and temperature of the gas at 
the point x 

p= [ fiv)dv,u = - [ vf{v)dv,T = ^ [ \u-v\^f{v)dv. (2.13) 
Denote by 

p{v) = (27r)-'^/2exp(_|^|2/2)^ 

the normalized unique equilibrium with mass 1, momentum and tem- 
perature 1, we consider F to be a solution of the equation near p. Put 
F = p + y/pf, then 

dtf + v.V^f = 2p-y^Q{p, ^f) + p-y'Qi^f, v^/). (2.14) 

Define 

nfJ) = ^^~'^'Qi^/^if,^/l^f), 

and 

L[f] = 2p-y^Q{p,^f), 
the following equation is the linearized Boltzmann equation 

dtf + v.V,f = L[f], (2.15) 
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where L[f] = 

(2.16) 

We assume the following conditions on the collision kernel B 
(Bi) There exist a constant a > —d + 1 and a positive constant M\ such 
that 

n{v^)B{\v - v^\,uj)dujdv^ > Mi{\v\ + 1)". (2.17) 



/ 



(B2) There exist constants 1 — d < P < a + 2/3, and M2 > such that 

B{\v-v^\,Lo) < M2\v-v^f\v' -vf-^. (2.18) 
We impose these conditions to assure that the term 

B{\v — t;*|,a;)/x(i;*)/(i;)dv*d(T 



is the dominant term in the linearized Boltzmann collision operator. These 
assumptions cover both cases: with and without Grad cut-ofF. 
Consider the energy of / 

Hf{t) = [ Ifl^dxdv, (2.19) 
Hf{t) (2.20) 



and its derivative in time 
d_ 
dt 

= -- / B^i^ii X 

^ •7r''xR<*xR<'x§d-i 

X [fj^^'^ + /V'"^/^ - hlJ^*^''^ - fiJi-^''^fdudv^dvdx 
< 0, 

where we use the notation = /«), /' = f{v'), /* = f{v^), f = f{v), 
n'^ = nivi), n' = niv'), /i* = iJ,{v^) and fx = iJ,{v). 
For p G M, define 

L\{\v\ + ir) := {f\{\v\ + irf G L^T'' x M'^)}. 

Denote by S{t)fo the solution of the linearized Boltzmann equation and 
suppose that /o is orthogonal to the kernel of the linearized Boltzmann 
collision kernel: 

/ IJ,^/^fodv= I ^l^l''\vi\hdv = [ ,,'/^\v\^fodv = 0, 
for all i G {1, . . . , d}. 
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Theorem 2.4 With the assumptions (Bi) and {M2): 

• The 'hard potential' case a, /3 > 0; suppose that /o G L^(T'^ x 



there exist positive constants Mq, 6 such that 



Sit) (^/o - J^^ fodv^ 



L2 



< Mo exp(-5i) 



/o- / fodv 



L2 



• (2.21) 



• The 'soft potential' case —{d — 1) < a, P < 0, : suppose that /o G 
L'^{{\v\ + 1)''), ((5 > 0), for any Mi > 0, there exist p > Mi and 
M2 > such that 



Sit) (^/o - J^^ fodv^ 



< 



L2 



/o 



L2 



(2.22) 



Remark 2.4 In i/iis theorem, since we prove a 'weak' coercive estimate in- 
stead of spectral gap and coercivity estimates for the linearized Boltzmann 
operator, we can get exponential and almost exponential decays without re- 
quiring too much assumptions on the collision kernel including the smooth- 
ness, convexity, . . . The only property that we need is that the dominant term 
remains dominant with our conditions (Bi) and (B2). 

Remark 2.5 Our proof works well also for the case where B depends on x; 
however, we have not found any real application for this. 



3 The main tool 

Let iH, < .,. >, ||.||) be a real Hilbert space with its inner product and its 

norm, A be an operator on H satisfying < Aix),x >= for all x in H and 
be a self-ajoint linear operator. Suppose that 

< ICix),y >=< x,ICiy) >=< K}'\x),K}l\y) > . 

Let / be the solution of the evolution equation 

r §£+^(/) = -/c(/),tGM+, ^^^^ 

I /(0) = /o,/oGi^, 



and let g be the solution of 

99+Aig) = 0,te 




(3.2) 
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Lemma 3.1 For all T in M+ 

rT rT 



[ \\]C'/\f)fdt< [ \\}Cy\g)fdt. (3.3) 
Jo Jo 



Proof Consider the norm of ||/ — 

Wf-gfiT) = 2 r <dtf-dtg,f-g>dt 
Jo 



= - I 2<lC''\f),K}'\f-g)>dt 
Jo 

= -2 f \\IC'/\f)fdt + 2 f <JC^I\f),K}l\g)>dt 
Jo Jo 

< - r \\ic''\f)fdt+ r \\ic'/'{g)fdt, 

Jo Jo 



which leads to 

r\\ic^i\f)fdt < r \\ic^i\g)fdt. 

Jo Jo 

■ 

Lemma 3.2 If K}/'^ is bounded, then for all T in M+ 

Ml r \\IC'/^ig)fdt< r \\K}l\f)\\^dt, (3.4) 
Jo Jo 

where Mi is a positive constant. 

Proof Take the derivative in time of ||/ — 

dt\\f-gf = 2<dtf-dtg,f-g> 

= -2<lC^I\f),K}/\f-g)> 

< ||/CV2(/)||2 + ||^l/2(^_^^||2 

< \\IC'/\f)f + C\\f-gf, 

the last inequality follows from the boundedness of K}/'^{f — g), where C is 
a positive constant. Gronwall's inequality then leads to 

\\f-gf{t) < l\MC{t-s))\\K}i\f)fds, 

Jo 
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which together with the boundedness of /C^/^(/ — g) leads to 
WC'/'if - g)fit) < CexpiCt) f \\lC^lHf)fds, 



Jo 

where C is some positive constant. This deduces 

r WIC'^Hf - g)fdt < CTexpiCT) T \\IC'/Hf)fdt. 
Jo Jo 

The triangle inequality deduces 

^ \\IC'/\g)fdt < (CTexpiCT) + 1) T \\IC'/\f)fdt. 
Jo 



Lemma 3.3 Let (H' , ||.||o) be a Banach subspace of H with its norm. Sup- 
pose that for any h in H' , \\h\\ < M||/i||o, where M is a positive constant 
and that for any solution g of ()3.2p 



||/o|| = ||5(t)||,VtGM+. (3.5) 

We assume that for any positive constant e, the operator /C could be decom- 
posed into the sum of two linear operators IC^^i and lCe,2 such that 

/C = /Ce,l + /Ce,2, (3.6) 
||X:l/2||2 = ||X:,,il/2||2^||^^y/2||2^ (3 7) 

\\lC,,i^'\h)\\<Ci{e)\\hl \fheH', (3.8) 
||/C,,2^/'(/i)|| < C2(e)||/i||o, yh£H', (3.9) 
\\IC^/^{h)\\<CilC)\\h\\o, WheH', (3.10) 

where Ci{e), C2(e) and C(/C) are positive constants, C2(e) tends to as e 

1/2 

tends to 0, and KJ^ , i G {1,2} are defined in the following way 



< IC,4h),k>=< JC'J/{h),IC'J/{k) >, yh,k€ H'. 
Suppose that there exist positive numbers Tq and C such that 

"^'wiC'/'ig^'dtyCWfoWl. (3.11) 
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Then there exists a constant Mi depending on Tq such that 

Ml r \\fC'/\g)fdt< f \\K}/\f)fdt, (3.12) 
Jo Jo 

for all T >Tq. 

Proof Similar as in the previous lemma 

dt\\f-gf = -2<JCi;,\f),ICi;,\f-g)>-2<lci;,\f),JCi;,\f-g)> 

< + ll<f (/ -9)f-2< <?(/),<i'(/ -g)> 

< + CiiefWf -gf + 2||</^(/)||||</^(/ - 5)11, 

the last inequahty follows from ()3.8p . Gronwall's inequality deduces 

11/ - 9f{t) < f{\\K}/^{f)f + 2||</^/)||||</^/ - 5)11) ^MCi{ef{t - s))ds 
Jo 

< eMCiieft) [\\\ici;,\f)f + 2\\lci;,\f)\\\\ICi;,\f - gm^^ 

Jo 

The previous inequality implies 

r Wf-gfdt < TeMCiiefT) r(||</^(/)f +2||</2(/)||||</^(/-5)||)dt, 
Jo Jo 

(3.13) 

for any T > Tq. The two inequalities (|3.8p and (|3.13p lead to 

r -5)fdi 
Jo 

< TCiief exp{Ci{efT) f {\\1C\'^^ {f)f + 2||</'(/)ll ll<?(/ " 9)\\)dt. 

Jo 

Apply the triangle inequality to the previous inequality to get 

f\\lCl[^{g)fdt (3.14) 
Jo 

< 2{TCi{ef exp(Ci(6)2r) + 1) Tdl^f (/)|P + 2||</^/)||||</'(/ - g)\\)dt. 

Jo 

The there inequalities (|3.9p , (j3.10p and (|3.1ip imply that for e small enough 

f \\lCl[^{g)fdt > C{e) f \\lC''\g)fdt, (3.15) 
Jo Jo 
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where C(e) is a positive constant depending on e. 
Combine (|3H]l and ([313]) to get 

^fr^^2T^^^^ f \\^"\9)fdt (3.16) 

2(rc;i(e)^exp(Ci(e)^T) + 1) Jq 

< r(ii<('(/)f +2ii</'(/)iiii</^/-5)ii)dt. 

JO 

Since for any positive constant 5 

r(ll<('(/)f + 2||<^ (/)||||<? (/ - 

JO 

< [ (ll<?(/)f + ^ll<?(/)f + 5||</'(/-^;)f) 

< (^1 + 25 + \\lC^I\f)fdt + 25^"^ ||/Ci/2(g)||2dt, 
Inequality (j3.16p leads to 

( 2(m(.)^e.p(C.(.)^T) + l) -^0ril'="'fa'll'''' 

< (i + 2* + i) j^^||x:"/2(/)||2<i(, 

which implies ()3.1ip for 5 small enough. ■ 



Remark 3.1 Lemma \2>.2\ will he used later for the case of Goldstein- Taylor 
and related models, while Lemma 13.31 will he used for the linearized Boltz- 
mann equation. 

Lemma 3.4 Suppose that tC satisfies the conditions in Lemmas 13.21 or 13.31 

and that there exist positive numhers Tq and C such that 

\\JC'l\g)fdt>C\m\ (3.17) 

then there exist positive numhers Ti and 5 such that for all t >Ti 

\\f{t)\\<eM-m\fo\\. (3.18) 
Moreover, (I3.18P also leads to (I3.17p . 
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Proof 

Step 1: (|3Tni leads to (fXTS]) . 

Choose T = kTo, where k is a positive integer. Since 

11/(0)11 -ii/(T)ii= r \\ic'/'{f)fdt, 

Jo 

there exists p in {0, . . . ,k — 1} such that 

1^ JpTo 

Let h be the solution of 

dth + A{h) = 0, 
with h{0) = /(pTo). Inequality ()3.17p implies that 

rTo 



\\)C'/\h)\\'dt>C\\f{pTo)\\, 
which together with Lemma l3 . 1 1 deduces 

r\\lC^/\f)fdt>C\\fipTo)\\. 
Jo 

This leads to 

||/(A;ro)||<||/(pro)||<i^||/(o)||, 

where C is some positive constant, since 

a^ii/f = -2</ci/2/,/cV2/>, 

or 11/11 is decreasing; for k large enough. The previous inequality implies 

||/(T,)|| <exp(-5,T,)||/(0)||, 
where T^: = kT^ and 5=,, = . Then for t € [T* , 2T* ) , 

||/(t)|| < ||/(T.)|| < exp(-|2r.)||/(0)|| < exp(-|t)||/(0)||. 
This leads to 

||/(t)|| <exp(-|(t-r.))||/(T,)|| <exp(-|t)||/(0)||, 
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for t G [2r*,3T=i,). An induction argument leads to the exponential decay 
([3J8]1 with (5 = 

Step 2: (I3J8]1 leads to ^A7}i . 

Inequality (jS.lSp deduces that there exist constants C < 1 and T* > such 
that for T > 

ll/(0||-||/(T)||= r\\IC'/\f)fdt>C\\f{0)f- 
Lemmas 13.21 and 13.31 imply that 

Jo 







JC'^'{g)fdt>C\\f{0)f. 



We also recall Lemma 4.4 in [2\, for a proof of this lemma we refer to [T] 
and |21J- 

Lemma 3.5 Let {£k} be a sequence of positive real numbers satisfying 

£k+i<£k-C£l^lyk>o, 

where C > and (" > — 1 are constants. Then there exists a positive constant 
M, such that 

M 

£k < -,k> 0. 

{k + l)~ 

4 Decay rates of the Goldstein- Taylor model 

Consider the following system: 



dip , 8y _ n 
dt ^ dx ~ ^' 

d± _ d± _ 

at dx ~ ^' 



(4.1) 



where (p := ip{t,x), (f) := (j){t,x), x £ T = M/Z, t > 0, with the initial 
condition 

ip{0,x) = Mx), <P{0,x)=Mx). (4.2) 
Then asymptotic profile and the energy of the system are then 

(V^oo, 0oo) = Q y ('^o + Md^^ ^ y (V'o + 4>o)dx^ , (4.3) 
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and 



,{t) = [[{if- ip^f + {<P- <Poof]dx. (4.4) 
The following proposition is a consequence of Lemmas 13.11 13.21 and 13.41 



Proposition 4.1 Suppose that there exist positive numbers Tq and 5 such 
that 

yt>To,yuo,voeW^'\T): Hu{t) < exp{-dt)Hu{0), (4.5) 
then there exist a positive number Ti and a nonnegative number C such that 

'' a{ip-(l)fdxdt>C [[{(p-<foof + {ct>-ct>oof]dx, (4.6) 

for ipo = uq and 0o = ?^o- 

Moreover, if there exist Ti and C such that (j4.6p satisfies, then there exist 
Tq and 6 such that (|4.5p is true. 

Theorem 12.11 is a direct consequence of Proposition 14.11 and the following 
proposition. 

Proposition 4.2 There exists a positive constant Tq such that for T > Tq 

cT 



- (PYdxdt > C{T) / [(v^o - iPooY + (<^o - <PooY]dx. (4.7) 
Proof Since (</?, ^) is the solution of the system (|4.ip . 

{ip, 4>) = {ipQ{x - t),4>Q{x + 1)). 

Write (fQ and (pQ under the form of Fourier series: 

oo 

^Po{x) = exp{imrx)an, 

— oo 

oo 

(j)Q{x) = ex.p{imTx)bn, 

— oo 
oo 

ipQ{x — t) = exp(in7r(x — t))an, 

— oo 
oo 

(/>o(x + t) = exp(in7r(x + t))bn- 

— oo 
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then 



Choose T to be a positive integer, the previous formulas imply 







exp(m7rx)(a„ exp(— mvrt) — exp{in7rt)) 



dt 



lim ( y C 

\\n\<M-^^ 



(7|a„ exp(— mvrt) — 6„ exp(in7rt)pdt+ 



+ exp(z(n — m)TTx) x 

\n\,\m\<M,n^m 

fT 

X / [an exp(— invrt) — bn ex.p{imTt)]am exp(— imvrt) — bm ex.p(irmTt)dt 
Jo 



lim f y r, 

\|n|<Af'" 



(7|a„ exp(— invrt) — 6„ exp(in7rt)p(it+ 



n — m vrx x 



+ ^ exp(i( 

|n| ,|m| <M,n^m 

X / [a„ exp(— invrt) — 5„ ex.p{imTt)]am exp(— imvrt) — bm ex.p(irmTt)dt 



M 



lim / o"|a„ exp(— mvrt) — 6„ exp(in7rt)p(it 

\n\<Kr^^ 

TfT(|a„|^ + +TcT|ao - 6o|^, 



which leads to 



I f a{^- (pfdtdx = T [ adxl V (la^p + + 



ao - bo 



(4.8) 



Moreover, the right hand side of ()4.7p is equal to 

[ [{^0 - Voo? + {<Po - <Poof]dx = iK\^ + \bn\^)- (4-9) 



Inequality (gZ]) follows by (jM]) and (02]). 
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5 Decay rates of the non-homogeneous transport 
equation 

Consider the equation 

^+v.Vg = 0, (5.1) 

with the initial condition 

g{0,x,v) = go{x,v). (5.2) 
The energy of (j5.ip is then defined 

= / / \9 - gool'^dvdx, (5.3) 

Jji Jv 

where 

900= j j go{x,v)dxdv. (5.4) 

Jj'i Jv 

The following proposition is a direct consequence of Lemmas 13. H 13.21 and 

m 



Proposition 5.1 Suppose that there exist positive numbers Tq and 5 such 
that 

Vt > TcV/o G L°°(T'^ X y) : Hf{t)<e^p{-5t)Hf{0), (5.5) 
then there exist a positive number Ti and a nonnegative number C such that 



a{g — g) dvdxdt > C* / {go — goo) dvdx, (5.6) 
Jj'i Jv Jfi Jv 

for go = fo- 

Moreover, if there exist Ti and C such that (j5.6p satisfies, then there exist 
Tq and 5 such that ()5.5p is true. 

Theorem 12.21 is a direct consequence of Proposition 15.11 and the following 
proposition. 

Proposition 5.2 For a belongs to H^{T'^), there exists a positive constant 
Tq such that for T > Tq 

[ [ [ (T\g -g\'^ dvdxdt > C{T) [ [ \go - g^ol'^dxdt. (5.7) 

Jo JTd Jv Jo Jfi 
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Proof Write g under the form of Fourier series 

g{x, V, t) = gQ{x — vt, v) = dniv) exp{i27m{x — vt)). 



The left hand side of (j5.7p becomes 

rT 



ma\g — g'^dvdxdt 

ma[ 2^ {an{v) exp(— z27rnft) exp(z27rnx) 

- f a.M exp(->2™„*) exp(i2™.)d„)]=<i„« (5^8) 
Jv 

y ^ |a„,(f ) exp(— i27mut) — / a„(T;) exp(— i27rnwt)dup 



hm / \ \ ^ 

M^ooJq Jjd Jy I i/.f ,„ 

+ exp(i(p — q)TTx) X 

\p\,\g\<M;p,gf^O;pf^q 

X (ap(w) exp(— i27rpt>t) — / ap{v) exp{—i27rpvt)dv) x 

Jv 

xaq{v) ejip{—i27rqvt) — / aq{v) ex.p{—i2Trqvt)dv dvdxdt. 

Jv 

In the last sum, consider the integral 

n(ap(f ) exp(— i27rpt't) — / ap{v)eyiY>{—i2'Kpvt)dv)x 
Jv 



x{aq{v) exp{—i2TTqvt) — j aq{v) exp{—i2TTqvt)dv)dvdt (5-9) 
rT 



V 



exp{i2{q — p)Trvt)ap{v)aq{v)dvdt 

JV 

— / exp{—i2p-7Tvt)ap{v)dv / exp{i2qTTvt)aq{v)dvdt. 
Jo Jv Jv 

Consider the first integral in the previous equality 

nexp(i2(5 — p)'Kvt)ap{v)aq{v)dvdt 
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r sin(7r(p - q)vT) 

< ||c^pIIl3 l|o^gllL3 



V 



cos(7r(p — q)vT) — ism(7r(p — q)vT)\ap{y)aq{v)dv 
dv 1 (5.10) 



3 \ 

sin(7r(p — q)vT) 



^ C'||ap||i2 ||ag||^2 



V 



Tr{p — q)v 

sm(7r(]9 — q)vT) 



Tr{p — q)v 



1/3 



the last inequality follows from the fact that ap,aq G L°°{V). Moreover, C 
is a global constant, which depends on the structure of the equation and the 
L°° bound of /o as well as of /, since / satisfies the maximum principle. 
Denote 

m= sup |{|7rc7f| < 

\a\=l,veM.d' 

and \0\ to be the Lebesgue measure of a set O in M*^, consider the integral 

sin(7r(p — q)vT) ^ 



Tr(p — q)v 



dv 



-L 



{\''r(p—q)v\<t,v&V} 



sin(7r(p — q)vT) 



+ 



/ 



{\''^{p—q)v\>e,v€V} 



tt{p — q)v 
sin(7r(p — q)vT) 



Tr{p — q)v 



dv + 

3 

dv 



< T^\{\tt{p - q)v\ <€,v£V}\ + ^\{\Trip-q)v\ >e,v£V}\ 



me" 



\p-q[ 



< r3^^ + l. 

\p - q\ e3 
Due to Cauchy's inequality 
tne 



\p — q\ e'^ 
the previous inequality implies 

sin(7r(p — q)vT) ^ 
V 7r(p - q)v 



> 4 



nTN3/4 

j) |p-g|3/4' 



1/3 



dv 



< C 



j.3/4 
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for a suitably chosen e and C is some positive constant. Combine this 
inequality with ()5.10p 



Jv 



exp{i{q — p)TTvt)ap{v)ag{v)dvdt 



< C||ap||/,2||aq||i2 



2^3/4 



p-g|V4' 

(5.11) 



where C is some positive constant. 
Consider the following term in (j5.9p 



< 



< 



\JV 

T 

dp{pt)\\dq{qt)\dt < 



exp{—ip7rvt)ap{v)dv j exp{iqTTvt)aq{v)dv j dt 
1 







(5.12) 



1 



V\pM " ^ 

where dp, dq are the Fourier transforms in V of ap and Og with the assumption 
that the values of Op, outside of V are 0. 
Combine dSj]), (ISTTTl and (l5T^ to get 

/ [(ap(w) exp(— i27rpft) — / ap(f ) exp(— i27rpt;t)dw) x 
Jv Jv 



xaq{v) ex.p{—i27rqvt) — j aq{v) exp{—i27rqvt)dv]dvdt\ (5.13) 

V 



< lkpllL2||aijllL2 



1 r3/4 



Suppose that \pk - qk\ = max{|pi - qi\, ■ ■ ■ ,\pd - Qdl}, 

cr{x) exp(i27r(p — q)x)dx 



exp{t2TT{p - q)x) 

dka{x) — — —dx 

i27r{pk - qk) 

■dx 



\dkcr{x)\ — 
fd 2TT\pk - qk 



< C\\a\ 



1 



\p-q\ 

where C is some positive constant. Combine this inequality with (j5.13p 



Jo Jv 



a{ap{v) exp{—i2TTpvt) — / ap{v) exp{—i2Trpvt)dv) x 
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xaq{v) e'x.p{—i2'Kqvt) — / aq{v) exp{—i2TTqvt)dvdvdtdx\ (5.14) 

Jv 

( 1 r3/4 \ 

< C||q"||jj-i||ap||j;^2||ag||j;^2 /r-rf ri T + ^T 



Since 



|a„(z; ) exp(— z27rni;t) — / a„(f ) exp(— z27rni;t)(if | (ifdt 



/ \an{v)\^dv 
\JV JV 

{^j \an{v)\'^dv - |a„(nt)p^ 

T 1 \an{v)\^dv— I \dn{nt)\^dt 
Jv Jo 

V 



an{v) exp{—i2-Knvt)dv 



dt 



> (T-1) / \aniv)\'dv, 
Jv 

Inequality (j5.14p implies 



ma\g — g\^dvdxdt 



for T large enough, which leads to ([5 

6 Decay rates of the special transport equation 
6.1 The Observability Inequality 

Proposition 6.1 For a belongs to C°^(T'^), there exists a positive constant 
To such that for T > Tq 



r [ [ a{l - A,)-'a\g - g\^dvdxdt > C{T, a) V 

JO JT'* Jv 



f^i\An{v)\^dv 



(6.1) 
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Proof For n in Z*^, define 

An{v) = / go{x,v) e^p{—in2Trx)dx. 

For the sake of simplicity we only give the proof for the case where go{x, v) = 
go(x), which means An does not depend on v for all n in Z'^. The case where 
An depends on v could be treated with the technical tricks of the previous 
section. 

Write g under the form of Fourier scries: 

g{x, V, t) = go{x — vt, v) = An exp(z27r7T,(a; — vt)), 

which deduces 

/ / / a{l- Ax)-'a\g-g\^dtdx 

JTd JV Jo 



lim 

(■T 

X 



\An\^\{l-Ax) 2c7exp(i27rna;)|^dxx 

^ngZ'*;|n|<m;n^O 



/ / I exp(— i27rrai;t) — / eKp{—i2'Knvt)dv\^ dvdt 
Jo Jv Jv 



+ ^ (1 - Aa;)~tcrexp(i27rp2:)Ap X (6.2) 

p,qeZ'^;\p\,\q\<m;p^q;p,q^O 

{1 — Ax)~i(Texp{i2Trqx)Aq / / [{exp{—i2TTpvt) — / exp{—i2TTpvt)dv) x 

Jo Jv Jv 



X 



exp{—i2'Kqvt) — J exp{—i2Trqvt)dv]dvdt^ dx. 



Similar as in the previous section, we have 



I I \exT£){—i2Tmvt) — f exp{—i27mvt)dv\'^ dvdt > , 
Jo Jv Jv 2 



for T large enough, and 

rT 



{cxp{—i2Tvp'vt) — / cxj){~i2Trpvt)dv)x 
-/r \ J\ 

ex.p{—i2Trqvt) — J ex.p{—i27rqvt)dv^ dvdt 
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/ / exp(i27r(gr — p)vt)dvdt 
Jo Jv 



— ( / cxp{—i2Trpvt)dv / cx.p{i2'iTqvt)dv)dt 
Jo Jv Jv 

( Ti/2 1 \ 

< C + 



where C is some positive constant. Consider the sum 

\An\^ I 1(1 - Aa;)~tc7exp(i27rnx)p(ix X 

. , ,„ J^d 



^;|n|<m;|n|<M;n7^0 

X 



/ / I exp(— i27rnt;i) — / eyiY>{—i2-Knvt)dv\'^dvdt 
Jo Jv Jv 

> V Trl^nP / A^)-iae^p{i27:nx)fdx 



neZrf;|n|<m;|n|<M;n^O 



neZrf;|n|<m;|n|<M;n^O ^ 



and 



neZ'';m>|n|>M 



\Anf 1(1 -Aj;) 2crexp(z27TOx)|^0?X X 

I exp(— z27rni;t) — / exp{—i2Tmvt)dv\'^dvdt 
Jv 

> CT \An\^ \a{l-A^)-^exp{i2Trn{x-vt))\^dx 

-CT V l^nl^ / \[a,{l- A^)~^exp{i2Tm{x-vt))\'^dx 



X 

/o 



e+l ! 



where M, C{M), C, C are positive constants and the last inequahty fohows 
from the fact that the pseudodifferential operator (1 — Ax)~^ is of order e 
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and the commutator [cr, (1 — A^;) 2] is of order e + 1. Combine these two 
sums to get 

\An\'^ / 1(1 - Ai)~^crexp(i27rnx)|^(ix X 

X / \ ex.p{—i27rnvt) — / exp{—i2Trnvt)dv\'^dvdt (6.3) 
Jo Jv Jv 



\An\ 



(l + n2)2 



for T and m large enough, where C{a) is a constant depending on a. 
Now, consider the term 



(1 — A^:) 2crexp(i27rpx)y4pX 

p,i}eZ'*;|p|,|g|<m;p7^(j 

(1 — A2;)~2(T exp(i27rgx)^g / / {exp{—i2TTpvt) — / exp{—i2irpvt)dv): 

Jo Uv Jv 



< 



< 



xexp{—i2'Kqvt) — / ex.-p{—i2TTqvt)dv 
Jv 

\Ap\ \A. 



c- 



(l + |p|2)f (l + |gP 



dvdt 



(6.4) 



r2 



p,ijeZ'';|p|,|g|<m;p7^g 



\p-q['/^ \p-q\^/MQ\ 



rpl/2 



+ 



\p-q\y^ \p-q\yMq\ 



where the last sum converges for e small enough. 
Combine ([62]), <^M and ([631) to get 



I I I (T\g- gl^dvdxdt > C{T, a) V 

Jo J J'' Jv ^r,H 



(1 + |n|2) 



6.2 Convergence to Equilibrium: Proof of Theorem 12.31 

Step 1: The boundedness of ||(1 — A^)^ fWi'^- 
Use (1 - A test function in (j2.6p to get 

/ dtf{l-A,rf+[ vdJil-A,Yf= [ a(l-A,)-V(/-/)(l-A,)7. 

Jjd Jjd Jjd 
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This leads to 

9*11(1 -A.)t/||i.<C||/||i„ 

which means 

11(1 - A,.)^/(t)|ii. < ctymh + 11(1 - A.)^/(o)llL. 

Step 2: The polynomial convergence. 

The previous proposition and Lemma 13.21 implv 

//,(0)-//,(r)>C(r,a) j;-^^. (6.5) 

Let ki, k2 and be positive numbers satisfying — 2eA;i + ^2^3 > and 
k2 < €. According to the Jensen Inequality 



\ 



> 



> 



^ |yl„|2((l + |np) fci+fea |n|'=i+'=3; 



where C is some positive constant, which yields 

for some positive constant C. 
Denote / = / — /o and 



M((/-i)r)= |/(/T)( 



for / G N{0}, where f{lT) is the Fourier transform in x of f{lT). 
Inequalities (|6.5p and (j6.6p imply 



Hf{Q) - CHfiO) ( ^) > Hj{T). (6.7) 
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Since the energy Hf is decreasing, ()6.7p deduces 



h3 
fci 



for all / in N U {0}. Step 1 implies M{IT) < ITC, where C is a positive 
constant, which together with Inequality (j6.8p implies 



HfilT) - CHfilT) (^^^) > Hf{{l + l)r). (6.9) 



Put 

.Mil 

' ITC ' 

Inequality (|6.9p yields 

< £i — C£i_^_^ , 
where C is some positive constant. According to Lemma [37 



where C is some positive constant. Let |^ tend to oo we get the theorem. 

7 Decay rates of the linearized Boltzmann equa- 
tion 

Let g be the solution of 

dtg + vd^g = 0, (7.1) 

with the initial datum 

g{0,x,v) = fo{x,v), 

where fo{x,v) is the initial datum of (j2.15p . For the sake of simplicity, we 
suppose that 

^ fodv = 0. (7.2) 



27 



7.1 The Observability Inequality 

Similar as in the previous sections, we prove 

Proposition 7.1 There exists a constant T*, depending on the structure of 
the equation, such that for all T > 

T f 

/ B{\v^: — v\,Lii)n^:H X (7.3) 

JT'*xM''xRdx§d-i 

X bi/^r'^' + - 9*/^;'^' - gi^-'/^?dadv,dvdx 

> C [ {\v\ + l)'^\fo\'^dxdv. 

Proof Since 5 is a solution of (jT.ip . it could be written under the form 

g{t, X, v) = go{x — vt, v) = An{v) exp(i27rn(x — vt)), 

this implies 

/ / B{\v^ - v\,u})^^^ X (7.4) 

Jo JTdxIR'*xRdx§d-i 

X [g'^:fi'^ + g ii"^!'^ — gii'^^'^ — g^ii^ ^^'^]^ dudv^dvdxdt 
= y2 / B^jL^fiAn^fi'^~^^'^ex.p{-i27:nvlt) + AniJ.'~^^'^e-x.p{-i2Trnv't) 

—An^fi^: ^^"^ exp(— i27rnu*t) — Anfi'^^"^ ex.p{—i27rnvt) dojdv^dvdt 
= r I exp(i27rn(i; - <)t) - 

exp(i27rn(v - f')t) 
"'^''^Anyu""^''^ exp(i27rn(f — w*)t) + \Anii''^^'^\'^]dijjdv^:dvdt. 

Using the same technique as in [11], [15] and |24j . we consider the compo- 
nents of the last integral of (j7.4p separately. 
Part 1: Consider the dominant component of (j7.4p 



/ / Bfi^:iJ,\AniJ, ^/'^\^dujdv^dvdt (7.5) 

Jo JK'*xRdxSd-i 



/O iR'*xRdxSd-i 



'XK"X 
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> TC [ {\v\ + ir\An\^dv, 



where C is some positive constant. 
Part 2: Consider the second component of (j7.4 

cT r 

BjJL^^'^^J An.tAnex?p{i2Tin{v — v^,)t)dcodv^dvdt 




< I V/VyVn.||^n| '""^""/"""f^' ^a;d..d. (7.6) 

The kernel of (17. 6|) could be bounded in the following way 



/ 



^^y2^,/, |sm(vrn(.-.)r)| ^^^^^ (7.7) 
§d-i |7rn(?; — 

1/2 



|sin(vrn(.-. )r)P ^^^^^,^,^^ ^ 



|2 \ 1/2 



7rn(f — t'*)P 

< C(|.| + 1)^-/3 ^ ^ |sm(vrn(.-. )T)P ^^^^^,,,^^^ 
where C is some positive constant. 

In order to estimate the last integral of (j7.7|) . let e be a positive constant, 
we consider two cases. 
For \n{v — vS)\ < e, 



sin(7rn(w — v^)T)\ 



2 \l/2 

{fifi^)^/^dv^ (7.8) 



'{\n{v-v,)\}<e \im{v-V^)\'^ J 
( \ 

< tI [ {fifi,)^/^dv, I 

V^{|n(t,-^.)|}<^ / 

< TC{e), 

where C(e) tends to as e tends to 0. 
For \n(v — i)*)! > e, 



|sin(vrn(.-.)r)| 

{\n{v~v,)\}>e \TTn{v - V^)\'^ J 
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< 



< 



{|n(t.-i>,)|}>e 



1/2 



c 



where C is some positive constant. Inequalities ()7.7|) . (I7.8p and ()7.9p then 
imply 

Bfi^^'^fiJ Arn^An exp{i2TTn{v — v^)t)dujdv^dvdt 



(7.10) 



< min{rC(e),-} /" {\v\ + l)^-''/^\An{v)\^dv. 



Part 3: Consider the last components of (|7.4p . by the change of variables 

to! — )• — CJ 



(7.11) 



T f- 

/ Bfi^fi[-An^fi'^~'^''^ AnfJ.~^^'^ exp(i27rn(v - vl)t) 

^nV^^^^^n/^ ""^^^ exp(z27rn(r; — v')t)]du;dv^:dvdt 

T r 

2Bfi^:^Ann' AnfJ.~^^'^ exjp{i27rn{v — v')t)dujdv^:dvdt 



< 



2\v - V^f\v - v'f-'^\An'\\An\ 



\sm{Trn{v - v')T)\ 1/2 ,1/2, , , 
/i* /i^ dujdv^av, 



\Tm{v — v')\ 



the last inequality is derived by taking the integral in time. 
Denote 



K* :-- 



2\v - vxiv - ,r-v/i '""^""/"-";^^^ yv.^/^d^ci.., 



ix§d-i \Trn{v-v')\ 

and for uj fixed perform the following changes of variables on K*: ^ V = 
—V and V = ruj + z with z G (j-*". Since the Jacobians of the two changes 
of variables are 1, 



K* 



2r'^-'^\An{v + ruj) 



sin(7rrTn.tj) 



\Tirn.uj\ 



(/i*/i'^)"^/^|r(x) + z\^dz \ dujdr. 



Now, make the change of variable {r,uj) W = ruj. The Jacobian of this 
change of variables is 2r~'^'^^. 



K* 



A\An{v + W)\\W\ 



.i|sin(7rTn.VF)| 
Ivrn.VFl 



{fi,ti',)'^/'^\W + zfdz)dW. 
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Since 



+ = \v + W + z\'^ + \v + zf 

= ^\W + 2{v + z)f + ^\Wf 



^\W + 2{v.uj)u;f + 2\z + v- {v.uj)u;f + ^\W\'^, 



then 



which imphes 



1 , |W + 2(?;.a;)a;| 



(1^^ exp(- l" + "-^(""^"l + zfdz^ dW. 



K* = [ 4{2Tr)-''/^\An{v + W)\\W\-^exp{ 

\sm{7rTn.W)\ f f \z + v — {v.oj)uj\ 

\Tm.W\ 

Define 

X (jT^ exp(-^±^i^i^^)b' - . + zfdz^ , 

then 

I< [ K\An{v')\\An{v)\dujdv'dv. (7.12) 

Now, consider the integral in z in the kernel K 

/ exp(-J '—'-)\v'-v + zfdz (7.13) 

= / exp( —)\v' — v + 'z — {v — {v.uj)Lo)\^dz 

iw-L 2 

< C(l + |i;'-t;-(?;-(?;.a;)a;)|)^, 

since (3 > —{d — 1), the integral is well-defined. Let s be a real number, 
according to the inequality 



(i + |C'|)^<C(i + |c|)^(i + |C'-CI)l' 
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< (l + |t;|)^mm{TC(e),-} f / exp(- 



the following estimate follows from (|7.13p 

f K{l + \v'\ydv' (7.14) 

< cii + \v\y \v'-v\^eM-- — — —) 

JsininTn.iv'- v))\ ^ _ ^ _ _ + _ ,\Pdv' 

|7rn.(w — v)\ 

V^Rd |7rn.(u' - t;)!'^ 8 J 
\v'-v\ 3/2exp(-J L^) 

x{l + \v' -v-{v- (t;.a;)w)|)3/2/^(l + \v' - vlf/^^'^dv'Y^^ 

f f \v' -v\'^ ^v' -v + 2{v.uj)u:\'^ 

~8 16 

xC\v' — V 

the last inequality is obtained by the same argument that we use in Part 2. 
Now, we consider two cases /3 > and /3 < 0. 
Case 1: l3>0. 

[ K{i + \v'\ydv' 

< 1 + K;rmin{TC e ,-} / exp ^ ^ 

e \]^d 8 16 

< 1 + K; r"*"''mm{rC e ,-} / exp ^ ^ 

e ViK'* 8 16 

Denote 

J, := / exp(-^^- ''"^-" + '^"")"'' )|.--.|-3/^(l+|.--.|)^/'l-l+^/'^d.-. 

./rod 8 16 
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Perform the changes of variables V ^ u = v' — v and u = roj, r e M+, 
CO G S''^"^, and choose v as the north pole vector in the angle parametrization 

Jo ° 

r , 3(r + 2|?;|cos(^)2 . 

X / exp( ^ ^)sin'' ^{^p)dipdr. 

Jo 1" 

For the case d>3, since sin'^"^ (ip) < sin((^), 

Jo 8 



/ exp(- 
Jo 



3(r + 2|^|cos . . X , , 

— ) sm[(p)d(fdr. 



Now, make the change of variables y = r + 2\v\ cos((^) in the (p integral to 
get 

Ji < |5'-'lbrM /-5/2(i + r)3/2|«l+3/2/3g^p(_!_) / exp(-3^)dydr 
Jo ° J-oo 16 

< C\v\-\ 

where C is a positive constant. Notice that since ,0 > 0, the integral 

„2 



7o ° 



is well-defined. 

For the case d = 2, we perform the same change of variables 

:.d-2| 



Ji < \S''-^\\v\ 



poo 

-1 / /-V2(i + ^)3/2|.|+3/2/5g^p(_ 

X r"'"exp(-^)(l-(^)^)-V2rfyrf, 

Jr-2\v\ J-O 
foo ^2 



< C rr'^-5/2(i+^)3/2N+3/2/Jg^p(_!_) 

fr+2\v\ o 2 

X / exp(-^)(4|i;|2 - (y - r)2)-V2dydr, 



where C is some positive constant. 

We consider the integral in two regions |y — rl < \v\ and |y — rl > \v\. On 
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the first region, (4|up — {y — r)"^) < l^l ^- On the second region, either 
f ^ I'f 1/2 or \y\ > \v\/2 gives an exponential decay. FinaUy, we get 

/ K{l + \v'\ydv' <C{l + \v\ f-^/^+'. 

Case 2: /3 < 0. 

/ K{l + \v'\ydv' 

< {1+ v ymm{TC{e),-}i exp ^ ^ 

e \J^d 8 16 

y,C\v' - v\~'/\l + \v- iv.u;Uf/^^{l + \v' - H)3/2NI+3/2|/3ld^')'/' . 

Again, perform the change of variables u = ru, r ^ uj G S"^^^, choose v 
as the north pole vector in the angle parametrization. Denote 



Jo 8 



X / (1 + \v\ sm{^)f/^P exp(- ^^'' + ) sm^~\ip)d^dr. 

16 







Split the integral into two region | cos((/9)| < and | cos{ip)\ > In the 
first case, since sin(99) > then 

(1 + |t;| sin((^))3/2/3 < ^ \v\f/^^, 
the proof is then similar as in the case /3 > 0. In the second case, 

(r + 2\v\ cos((p)^) 

2 - 12" ~ 16' 

this leads to an exponential decay in v. Finally, we get 

[ K{l + \v'\ydv' <c{i + \v\f-^/^+\ 

Combine this estimate with fTTT]) . frT2]) . fTTS]) and (fTlij) to get 

/ < / |A„(t;)||yl,(t;')|i^di;dT;' 
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< 



/ \Aniv)\\l + \v\f-^/'A^ [[ (1 + |t;|)-/5+2/3 /■ K{v,v')dv'x 

if Kiv,v")\A^{v")\''dv")dv]'/\ 
which imphes 

/<Cmin{rC(e),-} / \An{v)\\l + \v\f-^/^ . (7.15) 
When e is small and T is large enough, ([73]), dZS]), (j7J0|) . (j7J5|) imply 

- t'|,a;)/.i*^ X (7.16) 



> CtY^ [ {l + \v\r\An{v)\'dv 

> CT [ \go\'^dxdv. 



Proposition 7.2 Suppose that a, f3 > and t/iere exist positive numbers Ti 
and C such that 

/ i3(|?;=i, — 7;|,cj)^*/i X (7.17) 

JT'^xM<^xR'*xS'*-i 

X [gr^^'^ + g'fi'~^^'^ — gfJ,"^^'^ — g^:fi^: ^^'^]'^dadv^:dvdx 
> C [ {\v\ + ir\fo\^dxdv. 

then there exist positive numbers Tq and 5 such that V t > Tq, V /o G 
L~(T'^ xR'^)nL°°(M'^,i7i(T'^)) 

Hf{t) < exp{-dt)Hf{0), (7.18) 

Proof We check that L satisfies the conditions ([Ml), dSZD, dSS]), <^M- Let 
e be any positive constant, define 

le ■■= X (\v - < ^ 
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JO JT<*xR<*x§<*-i 



LeM ■■= - T I {l-h)B{\v,-vluJ)^l,^l^/^ X 

Jo Jj'ixR'ixSd-l 
^ r / /-1/2 , / /-1/2 -1/2 -1/21. 7 I 

It is not difficult to see that L, L^^i, Le^2 satisfy (|3.6|) . (|3.7|) . (|3.8|) . with 
i?' = + l^'l)")- Proceed similar as in the previous proposition to get 

\\L,M\\h<C{^) I {\v\ + lf\g\''dxdv, 

which means that (|3.9p is satisfied. By Lemma 13. 3[ the conclusion of the 
proposition follows. ■ 



7.2 Convergence to Equilibrium: Proof of Theorem 12.41 

The case a, /3 > is straight forward from Proposition 17.11 and Proposition 
17.21 We now prove the theorem for the case —d + 1 < a, /3 < 0. According 
to Proposition 17.11 and Lemma 13. 2^ there exist a time T and a constant C 
such that 

ii/(o)iii2 - ii/(r)iii. >c r [ {\v\ + irifm'dxdv. 

Jo Jj'^xM.'i 

This implies that for all k in 
\\f{kT)\\l-\\f{{k + l)T)\\l, >C f f {\v\ + ir\f{kTtdxdv. (7.19) 

Jo JT<*xMd 

Now, for positive numbers ki, k2 and k^ satisfying aki + k2k^ > 0, according 
to the Holder inequality 

( / {\v\ + ir\f{kT)A'^ ([ {\v\ + l)'VikT)\'y' >( [ \fikT)\') 

(7.20) 
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Combine (|7J9]1 and (f7:20|) to get 

Wfiik + l)T)||i. < ||/(fcT)||i. - C ^II^JM _. (7.21) 

Now, choose {\v\ + 1)^^/ as a test function in the hnearized Boltzmann 
equation, for /c2 small enough, as /3 < there exists a negative number ^2 
depending on /c2 such that 

11(1^1 + l)fc2/2^(A:r)||2,-||(H + l)W2;(o)||2, < / \\{\v\ + lf2/'f{t)\\l,dt 

Jo 

< kTc\\fm\i„ 

then 

\\{\v\ + l)'=^/2/(fcT)||i. < kTC\\fml2^^,^\,\)k,/2y (7.22) 

where C is some positive constant. The two inequalities (I7.2ip and (I7.22P 
lead to 

2^i±^a 



\\f(kT)\\ ''^ 
Wfiik + l)T)\\l2 < \\fikT)\\l2 - ^ 

This implies 



||/((fc + i)r)||i, ^ \\fikT)\\l, f \\fikT)\\l 

k+l - k \ k 

According to Lemma l3.5^ 

Mk 



wfimr < 

ik + 1) ^3 

Let Ij^ > tend to oo, we get the theorem. 



8 Conclusion 

We have presented a new approach to the problem of convergence to equi- 
librium of kinetic equations. The idea of our technique is to prove a 'weak' 
coercive estimate on the damping. The approach seems to work very well in 



37 



the context of linear equations. An reasonable question is if this technique 
could be extended to study the trend to equilibrium of nonlinear kinetic 
equations, where a typical example is the nonlinear Boltzmann equation. In 
an ongoing project, we are trying to analyse this method for the linearized 
Uehling-Uhlenbeck equation, where a spectral gap estimate is hard to obtain 
but a 'weak' coercive estimate is easier to get. 
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